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We prove that a locally finite inaccessible graph with a transitive automorphism
group always has uncountably many thick ends. Combined with a result of
Thomassen and Woess this shows that a connected locally finite transitive graph
is inaccessible if and only if it has uncountably many thick ends.  1996 Academic
Press, Inc.
Introduction
The concept of accessibility was introduced for groups by Wall in [8],
but it also has a natural graph theoretic analogue defined by Thomassen
and Woess in [7]. Their definition says that a locally finite graph X is
accessible if there is a number n such that any two ends of X can be
separated by removing n or fewer edges from X. The connection with the
group theoretic concept is that a finitely generated group is accessible if
and only if its Cayley-graphs (with respect to finite generating sets) are
accessible. For twenty years it was an open problem whether there were
any finitely generated inaccessible groups. In 1991 Dunwoody [2] con-
structed an example of a finitely generated inaccessible group, and thus
also an example of an inaccessible transitive graph. (A graph is transitive
if the automorphism group acts transitively on the vertex set.)
The aim of this paper is to settle a problem of Woess, arising in the con-
text of [7, 97], concerning the number of thick ends of a connected locally
finite transitive graph. In [7] it is proved that a connected locally finite
transitive accessible graph has only countably many thick ends. We prove
that a locally finite transitive inaccessible graph always has uncountably
many thick ends. Combining these two gives us a new characterization of
accessibility.
Theorem 1. Let X be a connected locally finite transitive graph. Then X
is inaccessible if and only if X has uncountably ( precisely 2+0) many thick
ends.
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The main tool in proving this theorem is the theory of structure trees.
The fundamental results about structure trees are proved in [1, Chap-
ter 2], but the connections with ends of graphs are develope further in [5]
and [7]. Our notation follows [6]. In the first section the basic definitions
are reviewed and we go briefly over the results about graphs,
automorphisms and structure trees needed for the proof of Theorem 1. For
an introduction to the theory of structure trees the reader is referred to [6]
and [7]. In the second section we prove our main result and the third and
concluding section contains some brief remarks and comments.
1. Preliminaries
Our graphs are undirected, and without loops or multiple edges. The
vertex set of a graph X is denoted by VX and the edge set by EX. A ray
is a sequence [vi]i # N of distinct vertices in X such that vi is adjacent to
vi+1 , and a line is a sequence [vi]i # Z of distinct vertices in X such that vi
is adjacent to vi+1. The ends of a graph X are defined as equivalence classes
of rays: two rays are equivalent if there are infinitely many disjoint paths
going from one to the other. From this, one can quickly deduce that two
rays R and R$ are in different ends if and only if there is a finite set F of
vertices and there are distinct components C and C$ of X"F such that C
contains infinitely many vertices from R and C$ contains infinitely many
vertices from R$. We then say that F separates the ends that R and R$
belong to. In the case of locally finite graphs we can also always separate
two ends by removing finitely many edges. In this paper we only work with
locally finite graphs (apart from one example), and we will mostly be
thinking in terms of separations by finite edge sets. If one can find infinitely
many disjoint rays in an end then the end is said to be thick, otherwise we
say that the end is thin. For example, the ends of the infinite line are both
thin while the end of the infinite grid is thick. The set of ends of a graph
X is denoted by 0X.
For a subset cVX we set c*=VX"c. A cut in a graph is a subset
cVX such that the number of edges in X with one endvertex in c and the
other one in c* is finite. The set of these edges is called the co-boundary of
c and is denoted by $c. The boundary of c, denoted by c, is the set of ver-
tices in c* that have a neighbour in c. The cuts form a Boolean ring,
denoted by BX. We define Bn X to be the Boolean ring generated by all
cuts c such that |$c|n. (A Boolean ring B is generated by a set A if every
element in B can be expressed in terms of the elements of A and their com-
plements by a finite sequence of intersections and unions.) A cut c contains
an end | if for some (hence every) ray R in | we have that c & R is infinite.
The set of ends contained in c is denoted by 0c. The family [0c | c a cut]
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forms a basis for a topology on 0X which is called the end topology. Recall
that 0X is compact.
A set E of cuts is said to be a tree set if for every choice of e, f # E one
of the sets
e & f, e & f *, e* & f, e* & f *
is empty, (i.e. e f, e f *, e* f or e* f *). A tree set E is said to be
undirected if e # E implies e* # E, and it is said to be tight if there is a num-
ber n such that |$e|n for all e # E. In [1] Dicks and Dunwoody prove
the following remarkable theorem.
Theorem 2. [1, Theorem II.2.20]. Let X be a connected graph and let
GAut(X ). Then there is a chain of G-invariant undirected tree sets
E1 E2 . . . in BX such that En generates Bn X for every n.
From the proof of this theorem it follows that in addition we can assume
for every e # En that |$e|n and that X"$e has precisely two connected
components, e and e*. Another nice property, proved by Thomassen and
Woess [7, Corollary 4.3], is that if X is transitive then G has only finitely
many orbits on each of the sets En .
In what follows we will always assume that our tree set E is tight. From
an undirected G-invariant tree set E we can build a tree T=T(E). The con-
struction is described in [6, 92] and in [7, 96]. The vertex set of T is not
easily described, but the edge set of T is the key to its secrets. Think of each
edge [u, v] in T as consisting of a pair (u, v), (v, u) of directed edges. By
the construction there is a 11 correspondence between E and ET. If e # E
corresponds to the edge (u, v) # ET then e* corresponds to the edge
(v, u) # ET. A tree constructed in this way is called a structure tree. Our
group G acts as a group of automorphisms on T and we also have natural
maps .: VX  VT and 8 : 0X  VT _ 0T. Both these maps commute with
the G-action. We can locate .(v) by the fact that all the elements in E that
contain v point towards .(v), when they are viewed as edges of T. So if
e=(u, u$) and e$=(u$, u") are two edges in T and .(v)=u$ then e$/e and
there is no f # E such that e$/ f/e, and v # e but v  e$. In fact, e is mini-
mal in E subject to containing v. Now we can observe that for v, v$ # VX
we have that .(v){.(v$) if and only if there is an element e # E such that
e contains precisely one of v, v$ (i.e. v and v$ belong to different components
of X"$e).
The map 8 is defined in a similar way: those elements in ET that contain
an end | of X should point towards 8(|). We will either locate a vertex
of T or we get an infinite decreasing sequence of cuts, each containing |,
which defines a ray R in T and we set 8(|) as the end of T that R belongs
to. An end of X mapped by 8 to an end of T must be thin, so the thick ends
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of X are mapped by 8 to vertices of T. The vertices in T that are in the
image of 8 are easily recognizable as those vertices that either have infinite
degree or whose preimage under . is infinite. If 8(|) is a vertex v then we
say that the end | lives inside the vertex v. Two ends have distinct images
under 8 if there is some element e # E such that $e separates the two ends.
Take a tree set En that generates Bn X. Then, if some two ends can be
separated by an element in Bn X then there will be an element e # En such
that $e separates these ends (see [7, Proposition 7.1]).
The following construction is from [7, 97]. For an edge e in T (an ele-
ment of E ) and a natural number q we define Rq(e) as the subgraph of X
induced by the vertices in e at distance at most q from e. We can clearly
choose q so large that the following condition (-) is satisfied:
(-) If P1 , . . ., Pr are pairwise edge-disjoint paths between vertices in
e then Rq(e) contains pairwise edge-disjoint paths P$1 , . . ., P$r such that Pi
and Pi$ have the same endvertices for i=1, . . ., r.
Because Aut(X ) acts with only finitely many orbits on ET we can find
a number q such that Rq(e) satisfies (-) for all e # ET. For v # VT let Xv be
the subgraph of X induced by the union of the vertices in .&1(v) and the
vertices in Rq(e) for all e # ET of the form (v, u). Because G acts with only
finitely many orbits on ET we deduce that Gv (the stabilizer of v in G ) has
only finitely many orbits on the set of edges in T with initial vertex v. The
subgraph Xv of X is invariant under Gv and, by the above, Gv acts on Xv
with only finitely many orbits. The ends of X that are mapped to v by 8
are in natural correspondence with the ends of Xv .
2. Proof of Theorem 1
Theorem 1. Let X be a connected locally finite transitive graph. Then X
is inaccessible if and only if X has uncountably many thick ends.
Proof. First suppose X is a connected locally finite transitive inac-
cessible graph and set G=Aut(X ). Let E1E2E3. . . be a sequence of
tree sets as in Theorem 2. Define Ti=T(Ei), and let 8i : 0X  VTi _ 0Ti
denote the map corresponding to the map 8 discussed above.
Call a thick end | ultra-thick if for every natural number n there is an
end |$ such that | and |$ cannot be separated by n or fewer vertices (or,
equivalently, by n or fewer edges). In [7, Theorem 5.4] it is proved that
every locally finite transitive inaccessible graph has an ultra-thick end. A
thick end of X will always be mapped by 8i to a vertex of Ti , so in par-
ticular, if | is an ultra-thick end of X then v=8i (|) is a vertex in Ti . Now
we can form the graph Xv as described above. The ends of the graph Xv are
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in a natural correspondence with the ends of X that are mapped by 8i to
v. Because | is ultra-thick we know that there must be some other end of
X that is mapped by 8i to v, since Ei cannot separate | from every other
end in X. Whence Xv has more than one end. As mentioned above the
group Gv acts on Xv with only finitely many orbits and a group acting with
finitely many orbits on a locally finite graph with more than one end can-
not fix a thick end. (This follows from a result of Jung [4, Theorem 1], see
also [6, Theorem 1]. The theorem of Jung says that if you have a locally
finite graph X with more than one end and a group G acting on X with
finitely many orbits on the vertices of X then G contains an element g that
acts like a proper translation. Proper translations fix two thin ends and no
other ends. In particular, no thick end is fixed by g.) So there is an element
g # Gv such that g|{|, and g| is also ultra-thick, and 8i (g|)=v. Thus
we have proved that whenever an ultra-thick end lives inside a vertex of
some Ti then there is another ultra-thick end living inside the same vertex.
Consider sequences [vi]i # N such that for each i
(i) vi # VTi ;
(ii) 8&1i+1(vi+1)8
&1
i (vi) (i.e. all the ends that live inside vi+1 also
live inside vi);
(iii) X has an ultra-thick end living inside vi .
Note that I= 8&1i (vi) is either empty or contains precisely one end.
This is because  Ei generates the whole of BX and because any two ends
| and |$ can be separated by an element in BX, then there is a cut in _ Ei
separating | and |$. The sets 8&1i (vi) form a decreasing sequence, and
they are all non-empty and closed in the end topology on 0X. (The set
8&1i (vi) is closed because 8
&1
i (vi)= [0e | e (uivi) when e is regarded as
an element in ETi].) Since 0X is compact in the end topology we conclude
that I is not empty. Let | denote the unique element in I. Lemma 8.2 in
[7] implies that for a thin end |$ of X it is possible to find a number i such
that 8i (|$) is not a vertex of Ti . Since 8i (|) is a vertex for all i we know
that | is thick and | must be ultra-thick since it never lives alone inside
a vertex in one of the structure trees Ti . Conversely, if | is an ultra-thick
end then set vi=8i (|). The sequence [vi]i # N then clearly satisfies (i)(iii).
Different ultra-thick ends, | and |$, give rise to different sequences,
because for some i the set Ei contains an element separating | and |$ and
then 8i (|){8i (|$). This gives a 11 correspondence between sequences
satisfying (i)(iii) and ultra-thick ends.
Now we show why there are uncountably many such sequences. Suppose
we have already chosen a finite bit v1 , . . ., vn of a sequence satisfying
(i)(iii). Then let i denote the least number such that a cut in Ei separates
some two ultra-thick ends | and |$ in 8&1n (vn). Here we use that 8
&1
n (vn)
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contains more than one ultra-thick end. For j=n+1, . . ., i&1 we let vj be
the vertex in Tj that contains the image of the ultra-thick ends in 8&1n (vn).
When it comes to choosing vi we have a choice, between 8i (|) and 8i (|$).
So, if one is building a sequence satisfying (i)-(iii) one is infinitely often
faced with a choice between two (or more) vertices. Hence there are 2+0
such sequences and therefore uncountably many thick ends.
The converse that a connected locally finite transitive graph with
uncountably many thick ends is inaccessible is proved in [7, 97]. The
following argument gives a slightly more general result. Suppose | is a
thick end that is not ultra-thick. Then there is a number i=i(|) such that
| can be separated from every other end in X by removing i or fewer edges.
So 8i (|) is a vertex in Ti and | is the only end that lives inside 8i (|).
Thus we can get an injective map from the set of thick ends that are not
ultra-thick to  i # N VTi . The latter set is countable so there are only coun-
tably many thick ends that are not ultra-thick. In particular if X has
uncountably many thick ends then it has to have some ultra-thick ends and
can therefore not be accessible. K
3. Remarks
1. Dunwoody in [2] and [3] has constructed examples of finitely
generated inaccessible groups, which gives us examples of inaccessible
graphs. But we do not have any graph theoretical constructions of locally
finite transitive inaccessible graphs. For graphs of infinite degree it is
natural to define a graph to be accessible if there is a number n such that
every two ends can be separated by removing n or fewer vertices. For
locally finite graphs the two definitions in terms of separtions by removing
edges and by removing vertices are equivalent. The following construction
of a transitive inaccessible graph of infinite degree indicates a possible way
to visualize ultra-thick ends. Let X be a 1-connected transitive graph such
that for n=3, 4, 5, . . . we have that each vertex is contained in precisely one
block isomorphic to Kn . Now make a new graph X $ by adding edges to X,
such that
EX $=EX _ [uv | u, v # VX and d(u, v)=2].
It is easy to see that X $ is inaccessible. Take a ray [vi] i # N in X $ such that
vi vi+1 is an edge in X belonging to a copy of Kni , with n1<n2<n3<. . . .
A ray of this type will clearly belong to an ultra-thick end. This example
suggests that the ultra-thick ends in some ways resemble thin ends: they
look like thin ends that get fatter the further along them you go.
2. The results in this paper are also valid if, instead of assuming that
X is transitive, we just assume that Aut(X ) acts with finitely many orbits
on VX.
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3. From the proof of Theorem 1 we can extract the following two
corollaries, giving more precise information about the number of thick
ends.
Corollary 1. Let X be a locally finite transitive graph. If X is inac-
cessible then X has 2+0 ultra-thick ends.
Corollary 2. Let X be a connected locally finite graph. Then X has
only countably many thick ends that are not ultra-thick.
4. Dunwoody [3] defines pro-trees. These are limits of ordinary com-
binatorial trees. He constructs an example of an inaccessible group that
acts on a protree with infinitely many orbits on vertices that are not tree-
like. Let X be an inaccessible locally finite transitive graph. The family
E1E2E3. . ., used in the last section, gives rise to a pro-tree P. That
pro-tree has only countably many tree-like vertices, but it has uncountably
many vertices, because every thick end of X gives rise to a vertex in P. Any
finitely generated group acting transitively on X thus has infinitely many
orbits on vertices that are not tree-like.
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